INTRODUCTION
Let E: y 2 +xy=x 3 +ax 2 +bx+c be an ordinary elliptic curve over a perfect field F of characteristic two. For a positive odd integer l, we define the l-division polynomial, l (x), by the formula
where the x i are the distinct x-coordinates of the nonzero points of the group E[l] of l-torsion points. Then l is a monic polynomial of degree (l 2 &1)Â2, with coefficients in F. This paper concerns the value of the trace of l , which is the sum of the x i . A priori, this value lies in F, but we prove it in fact belongs to the field with two elements, GF(2), and its value is determined by the Jacobi symbol ( 2 l ). Theorem 1. If l is odd (and not necessarily prime) then
As an example, consider the elliptic curve E: y 2 +xy=x 3 +:, where : generates GF(4), the field with four elements, and take l to be 5. There are 25 elements of E[5], including the identity element and twelve pairs P i =(x i , y i ) and &P i =(x i , x i + y i ). [S, Exercise 3.7] ), but these do not seem helpful in proving Theorem 1.
Our second result is an additivity property satisfied by isogenies under composition. Let E: y 2 +xy=x 3 +ax 2 +bx+c and E$: y 2 +xy=x 3 + a$x 2 +b$x+c$ be two elliptic curves. For an isogeny I: E Ä E$ of odd degree, define = 1 (I) to be the sum of the distinct x-coordinates of the points in the kernel of I.
Theorem 2. If I: E Ä E$ and J: E$ Ä E" are two isogenies of odd degree, then
PROOFS OF THEOREMS
The following lemma and corollaries will help reduce the proof of Theorem 1 to the case where E has a special form. For the following lemma and corollaries, let E: y 2 +xy=x 3 +ax 2 +bx+c, E$: y 2 +xy=x 3 +a$x 2 + b$x+c$, and E": y 2 +xy=x 3 +a"x 2 +b"x+c" be three elliptic curves defined over a perfect field of characteristic two.
This lemma follows immediately from the discussion on page 49 of [S] . K
Proof. Let (x, y) [ ( f, g) be an automorphism of E. By the lemma, f =x. Now g 2 +xg=x 3 +ax 2 +bx+c=y 2 +xy, therefore ( g+ y) 2 + x(g+ y)=0. It follows that g= y or g= y+x. K Corollary 2. If I=( f $, g$): E Ä E$ and J=( f ", g"): E Ä E" are separable isogenies and Ker(I)=Ker(J), then f $= f ".
Proof. By [S, Corollary III.4.11] , there is an isomorphism *: E$ Ä E" such that J=* b I. Lemma 1 implies that * has the form (x$, h(x$, y$)), where h is a rational function and (x$, y$) are the coordinates on E$. Then * b I=( f $, h( f $, g$)). Since * b I=J=( f ", g"), this shows that f $=f ". K Corollary 3. If I, J: E Ä E$ are separable isogenies and Ker(I )= Ker(J), then J=\I.
Proof. In the proof of Corollary 2, J=* b I, where
The lemma implies that the values x i of the x-coordinates of l-torsion are unchanged when the model of the curve is changed via an isomorphism so long as the new model still has the form y 2 +xy=x 3 +a$x 2 +b$x+c$. This is true even if the isomorphism between the original curve and the new curve is defined over an extension field of F. Now E is isomorphic over a quadratic extension of F to a curve of the form y 2 +xy=x 3 +c$, where c$ # F is the reciprocal of the j-invariant of E. So, one can assume without loss of generality that E has the form E c : y 2 +xy=x 3 +c. Curves of this form were studied in the paper [B1] .
The proof of Theorem 1 uses formal groups. The critical observation is that the formal group law of E c is very close to the formal group law of the multiplicative group, as we shall explain below. Intuitively, the formal group law captures information about how the multiplication law of a group behaves near the identity on an infinitessimal level. Here is a sketch of the construction of the formal group law for the curve E c : y 2 +xy= x 3 +c. A more detailed description of this construction can be found in [B2] . First we choose a good neighborhood of the identity. In projective coordinates, the identity of E c is at (0 : 1 : 0), so if we set (x : y : 1)= (t:1:s), then the identity will be at t=s=0. Moreover, t=xÂy is a uniformizer at the identity, since x has a double pole at the identity and y has a triple pole, thus s can be written as an infinite power series in t. Now we obtain a formal group law F c (t 1 , t 2 ) by (t 1 : 1 : s 1 )+(t 2 : 1 :
where F c (t 1 , t 2 ) is a power series in two variables with zero constant term and where s 3 can be expressed as a power series in F c (t 1 , t 2 ). It turns out that the formal group of E c begins F c (t 1 , t 2 )=t 1 +t 2 +t 1 t 2 +c(t 1 t 2 ) mod(t 1 , t 2 ) 9 .
( 1 )
Next we construct the formal group for the multiplicative group of a field. The identity is at 1, and so a good choice of coordinates is 1+t. The multiplicative law is (1+t 1 )(1+t 2 )=1+t 1 +t 2 +t 1 t 2 . The formal group law is therefore t 1 +t 2 +t 1 t 2 . Comparing with Eq. (1), we see that the formal group of E c agrees with the formal group of the multiplicative group, up to degree 6. In other words, the addition rule for (t 1 : 1 : s 1 )+(t 2 : 1 : s 2 ) is very well approximated by the multiplication rule for (1+t 1 )(1+t 2 ), up to sixth degree terms.
It follows that the first six terms of the Taylor series associated to the multiplication-by-l map on E c must agree with the first six terms of the Taylor series arising from the map x l on the multiplicative group. The latter can be easily calculated from the binomial theorem:
denotes multiplication by l on the elliptic curve E c , then
where the asterisk represents some power series in t 1 .
On the other hand, the results of [B1] give a different method to compute the Taylor series associated to [l] . Specifically, the following theorem was proved.
Theorem 3. For any group G/E c of odd order, there is a nonzero b # F and a separable isogeny I: E c Ä E b with kernel G such that the associated Taylor series in the formal group is
where = r (G) is the sum of the rth powers of the distinct x-coordinates of points of G. In other words, I(t 1 : 1 : s 1 )=(U I (t 1 ) : 1 : V ), where U I has the form given above.
We are now ready to prove Theorem 1. We will apply Theorem 3 to the group G=E c [l] of l-torsion points, where l is any odd integer. Note that the trace of the division polynomial is the sum of the distinct x-coordinates of points of E c [l], which is = 1 (G). Thus we are reduced to showing that for G=E c [l], = 1 (G) is 0 or 1 according as l# \1 mod 8 or l# \3 mod 8.
Given that G is the kernel of the multiplication-by-l map, we know that E c ÂG$E c , therefore the element b in Theorem 3 is equal to c. Since l#1 mod 4, and since the coefficients are taken mod 2, the latter simplifies to U [l] =t+( l 4 ) t 4 + } } } . By comparing the coefficient of t 4 in these two power series, we obtain that = 1 (G)=( l 4 ), and this equals 0 or 1 according as l#1 mod 8 or l#5 mod 8. Finally, in the case l#3 mod 4, we have I= [&l] , and so by comparing the coefficient of t 4 in the expansions for U I and U [&l] we find that = 1 (G)=( &l
